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Abstract

Strong and vehement criticisms of statis-
tical decision-making procedures, especially
those using P-values and a level of signifi-
cance (LoS) of a = .05, have abounded in
recent years and is still continuing. For the
sake of the scientific endeavor and the search
for truth through data, there is tremendous
impetus to re-examine and to improve these
statistical decision-making procedures. This
paper re-visits the fundamental problem of
deciding the truth, based on data, between
two competing hypotheses: a null Hp and an
alternative H,. The Neyman-Pearson (NP)
most powerful (MP) decision function, to-
gether with its power, remains the linchpin of
statistical decision-making. Associated with
this procedure is a decision process and a re-
ceiver operating characteristic (ROC) func-
tion. It is proposed that in reporting the
outcome of the NP MP decision function, for
a specified LoS, that it should always be ac-
companied by the value of the (equivalently,
logarithm) likelihood ratio based on the deci-
sion function. The P-functional, which is the
usual P-value statistic, associated with the
decision process is re-examined. It is pointed
out that P could be used in an equivalent
implementation of the NP MP decision func-
tion, but if one wants to use its value to quan-
tify the magnitude of support for either Hy or
Hi, then it should be the value of its (equiva-
lently, logarithm) density function under Hi,
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which is the derivative of the ROC function,
which should be reported. This will avoid
the fallacy that smaller values of P are more
supportive of Hi. Replicability of results is
discussed in the context of realizations of the
decision function or the P-functional. It is
demonstrated that a coherent manner of ac-
quiring knowledge about Hop and H; is via
sequential learning through Bayesian updat-
ing. But, it is also shown that publication
bias could lead sequential updating astray in
determining which of Hy or H; is true. It
is argued that a decision-maker can choose
his own LoS, instead of using the conven-
tional LoS of o = .05, since the summary
measures accompanying the realized decision
take into account the chosen LoS. Since a
decision-maker is then free to choose his LoS,
the question of how to choose it optimally
arises. Three approaches for choosing the
LoS are discussed, each appropriate for a spe-
cific situation a decision-maker encounters.
A new approach to sample size determination
is also described. The ideas are illustrated us-
ing concrete problems and a re-examination
of Fisher’s lady tea-tasting experiment. It is
hoped that recommendations under this fun-
damental setting will extend to complex set-
tings and lessen criticisms of methods relying
on P-values and an LoS of a = .05.
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1 The Search for Truth and
Knowledge Representation

Apart from humankind’s desire to propagate its own
species or, as Richard Dawkins argues in [6], their
own genes, the search for truth and the acquisition of
knowledge is one of the noblest among the multitude
of human endeavors, if not its raison d’étre. As John
8:32 in the Bible states: “And ye shall know the truth
and the truth shall make you free.” This passage,
etched in a wall of the main lobby of the headquar-
ters of the United States Central Intelligence Agency,
should not just be the mantra of intelligence people,
but it should be for all scientists trying to compre-
hend nature and the workings of the universe.
There are several types of truths. There are math-
ematical truths, called theorems, which are estab-
lished through a purely deductive process using logic
and starting from basic axioms and rules of opera-
tions. An example of such a mathematical truth is
that v/2 is not a rational number, a fact that is estab-
lished with certainty mathematically. But there are
truths, which usually correspond to physical realities,

that could not be established through purely deduc-
tive reasoning, or even if they are derived through
mathematical arguments, still require for their confir-
mations an inductive statistical approach using data
obtained from observations and/or designed exper-
iments. Professor Bradley Efron, the 2019 Inter-
national Prize in Statistics awardee, refers to these
type of truths as “eternal and long-lasting” during
his speech at the World Statistics Congress in 2019
in Kuala Lumpur, Malaysia [7]. These could include
physical truths arising from theoretical and mathe-
matical considerations. An example is Albert Ein-
stein’s result concerning the bending of light rays due
to massive bodies, a consequence of his general the-
ory of relativity, but which still required verification
based on observed data to be fully accepted by the
scientific community as a truth about reality. A no-
table verification was done in 1919 by a team headed
by Sir Arthur Eddington based on observations about
the bending of light rays during a total solar eclipse;
see [37]. There are also truths, which may be sub-
ject to different interpretations, such as pertaining to
whether eating red and processed meat poses health
risks to people, an issue that flared up again with
the publication of an article contradicting purport-
edly established results showing the hazards of eating
red and processed meat (see [45, 4]).

But how do we characterize or describe truths?
First, truth could be in the form of a set of mathemat-
ical formulas, a chemical structure, a biological path-
way, or specified by a deterministic quantity, though
the value of the quantity may not be known. Exam-
ples of these are as follows. (a) Physical laws that
are encapsulated in mathematical formulas such as
Isaac Newton’s F' = ma, Einstein’s E = mc?, James
Clerk Maxwell’s equations governing electricity and
magnetism, and Paul Dirac’s relativistic wave equa-
tion. (b) The double-helix structure of deoxyribonu-
cleic acid (DNA), the carrier of genetic or hereditary
information in almost all living things. (¢) The speed
of light in a vacuum, denoted by ¢. (d) The state of
a defendant in a criminal murder trial which could
either be guilty or innocent, but not both. (e) The
proportion (#) of the American Electorate who will
vote for a certain candidate during the US Presiden-
tial Election in 2028. Here, truth may pertain to
whether 6 > .50 or 6 < .50. Second, truth could be
represented via probability distributions. Some ex-
amples falling in this category are as follows. (a) The
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number of deaths (N) that will be caused by vehicu-
lar accidents in 2027 in the State of South Carolina.
A possible representation of the truth about N is that
it has a Poisson probability function with mean rate
A. (b) The number of mass shootings that will oc-
cur in the United States during 2027. Again, this
could be modeled by a Poisson probability function
with mean rate A. (c) The position and momentum
of a sub-atomic particle in a chamber, which accord-
ing to Heisenberg’s Uncertainty Principle, could only
be described by their joint probability function. (d)
The temperature at noontime on January 1, 2027 at
Ninoy Aquino International Airport (NATA), which
could be described by a probability distribution func-
tion, such as a Gaussian distribution with mean p and
standard deviation o.

However, even if the truth could be represented
in a deterministic manner, when data are gathered
through experiments for use in verifying or confirming
the hypothesized deterministic representation, such
data will be contaminated by measurement errors or
random noise, so the observables are still described by
a probability distribution which contains information
about the underlying truth. For example, when Al-
bert A. Michelson performed his experiment in 1879
to determine the speed of light, ¢, his measured val-
ues were not all identical since they were a function
of ¢ and some contaminating values.

By virtue of the inductive statistical approach in
determining, establishing, or confirming a truth, to-
tal certainty may not be achievable, in contrast to
those obtained through a purely deductive approach
such as the truth about the irrationality of V2. To
illustrate via a very simple example, consider possess-
ing a ‘coin’ which is either ordinary (has a head and
a tail) or mutated (has two heads). Suppose that we
could not directly examine it, but we could observe
the outcome (face up) when it is tossed. We could
keep tossing this coin sequentially and if after n tosses
we have obtained n heads, then we still could not be
certain that it is the mutated coin, however large n is.
But, an observed tail in any of these n tosses implies
with certainty that we have the ordinary coin.

In this paper we revisit the problem of deter-
mining which of two simple statistical hypotheses is
true based on data. This setting corresponds to the
Neyman-Pearson framework of decision-making in its
most fundamental form. We will then discuss the no-
tion of a P-functional, the P-value statistic, which

arguably is the concept most identified with statis-
tical thinking, but which has gained notoriety in re-
cent years, and has been attacked and blamed for
the ills that have befallen the scientific endeavor; see,
for instance, some of the papers and books which
deal with issues and controversies about P-values
[9, 10, 14, 40, 46, 19, 11, 29, 1, 43, 44, 12, 26, 32].
In the same token that a deeper understanding of
hypothesis testing was facilitated by first considering
the simple null hypothesis versus simple alternative
hypothesis, leading to the Neyman-Pearson Funda-
mental Lemma [28], it is our viewpoint that a better
understanding of P-functionals will also be facilitated
by considering this fundamental setting. We will then
examine ways in which we could improve the process
of determining the truth based on data, address how
results of statistical decision-making and observed P-
functionals should be reported to be more informative
and less misleading. We will also discuss the issue of
replicability of scientific results, a concept in the fore-
front of what is considered good science (see [27, 32]).
In the process, we will discuss the idea of sequential
learning as a coherent way of getting to the truth.
However, we will also demonstrate the perils of publi-
cation bias in the sequential acquisition of knowledge
(see the paper [18]). A weakness of the current prac-
tice of statistical decision-making is the reliance on a
cut-off value for the level of significance (LoS), usu-
ally set at 5%, but which is difficult to justify logically
within the mathematical theory. We will therefore ex-
amine the issue of determining an optimal LoS which
will lead to a new approach to sample size determi-
nation. The ideas and proposals will be illustrated
using concrete situations, including a re-examination
of R. A. Fisher’s lady tea-tasting experiment, which
ushered null hypothesis significance testing (NHST).

2 Experiments, Observables,

and Models

We will be interested in the simplest of all decision
problems: determining which of two competing sim-
ple hypotheses, denoted by Hy and Hi, is true. To
do this determination, an experiment or study will be
performed leading to observing the realization x of a
random entity X taking values in a sample space X.
In parallel, we also perform another experiment lead-
ing to observing the realization u of a standard uni-
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form random variable U taking values in 4 = [0, 1].
X and U are stochastically independent. Thus, the
data will be (z,u) € X x {f. When Hj is the truth,
X is governed by a probability measure Py, whereas
if Hy is the truth, then X is governed by a proba-
bility measure P;, where Py and P; are probability
measures on the measurable space (X, 0(X)). We de-
note by v a measure on (X,0(X)) which dominates
Py and Py (e.g., v = Py + P1), and denote by fo
and f; the probability density functions (pdfs) as-
sociated with Py and P; with respect to v. Thus,
we may re-state the decision problem as deciding be-
tween Hy : X ~ fo or Hy : X ~ fi based on the data
(z,u). Note that, to be more precise, under H;, the
distribution of (X,U) is P; ® A\, where X is Lebesgue
measure on (4, o(4)), hence it has density function
fi(z,u) = fi(x)I{0 < u < 1} with respect to v ® A.
The introduction of the parallel experiment leading
to observing U is to provide a randomizer in case
there is a need to randomize to make the final deci-
sion. We generate this randomizer u in conjunction
with the experiment leading to x so that the use of
the randomizer, if needed, does not acquire an outsize
importance in the decision-making process. Thus, u
could be viewed as just being a portion of the data
(z,u). For a discussion of the use of randomizers in
decision-making and to address criticisms of their use,
see section 3 of [13].

There is a dichotomy of what we would like to
do regarding Hy and H;. First, given the observed
data (x,u), we may want to make a decision which
of Hy or H; is the truth, with proper consideration
of the costs associated with erroneous choices. This
is the purview of decision theory and the usual hy-
pothesis testing approach. Second, upon seeing the
data (z,u), we may simply want to update our cur-
rent knowledge about Hy and H;. A question arises
how to represent our knowledge of which of Hy and
Hj is the truth. We shall do so by assigning subjec-
tive prior probabilities of kg and k1 = 1 — kg, with
ko € (0,1) representing our prior and current be-
lief that Hy is the truth. Given the observed data,
the result of the decision function, or the value of
the P-functional, the prior probabilities will then be
updated, via Bayes theorem, to the posterior prob-
abilities, which will then serve as, or could inform,
the next set of prior probabilities of Hy and H; to
be used in the next study. This is the essence of se-
quential learning and updating. The first and second

goals could be integrated by pre-specifying a thresh-
old such that when the posterior probability of H
[H;] surpasses this threshold, we then declare that
Hy [H;] corresponds to the truth.

3 Space of Decision Functions

Let & be the space [of equivalence classes| of all
measurable functions from (X x 4, o(X%) ® o(Y)) into
(R, o(R)) which are square-integrable with respect to
Py ® X or fod(v ® A). We endow this space with the
inner product given by, for every g1, g2 € &,

(91,92) = /xugngde(V@/\)

_ /01/xgl(amu)gg(x,u)fo(;v)u(dx)du.

The norm for & is ||g|| = \/(g,¢9). The space of deci-
sion functions for H versus H; is the subset © of &
given by

D={0e& :VY(z,u) € X xid(z,u) €{0,1}}. (1)

For § € ®, 6(x,u) = 1(0) means to decide in favor of
Hy (Hy).

The likelihood function associated with fy and f;
will be defined via A(x) = f1(x)/fo(x) with the con-
vention that 0/0 = 0. Observe that in terms of the
expectation operators, we have

Eolg(X,U)] = (g9,1) and Ei[g(X,U)] = (g, A)

with E;(-) the expectation operator under P; ® \ for
i=0,1.

Given a 6 € D, its size and power are defined,
respectively, via

as = (6,1) and w5 = (4, A). (2)
For a € [0, 1], a decision function § € ® is said to be
of level a if a5 < a. A §* € ® is a most powerful
(MP) decision function of level « if as+ < « and for
any other § € ©® with as < «, we have w5« > my.
We write such an MP decision function of level « as
0*(a) = 6*(-,;«). The alternative formulation us-
ing inner products immediately indicates that if one
wants to maximize the power ms«(q) > ms among all
{0, 1}-valued functions d, then the desired § should be

1 (0) when A is large (small), since the maximization
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problem in Lagrange form is equivalent to maximiz-
ing the mapping

(0,m) = (6,A) =n((6,1) — a) = (6, (A — 1)) + na.

In this form we see that to maximize with respect to d,
we must take 6*(z,u) = 1(0) whenever A(z) > (<)n
for some 7. This is the content of the Fundamental
Lemma of Neyman and Pearson (1933) stated below.
See also [22, 36].

Theorem 3.1. [Neyman-Pearson Lemma (1933)
[28]] For a € (0,1), a necessary and sufficient condi-
tion for §*(«) to be an MP decision function of level

a for Hy : f = fo versus Hy : f = f1 is that, for all
(z,u) € X x4,

. _ _ 1 if Alx) > c(a)

0z, u0) = { 0 if Alz) < c(a)

for some c(a) > 0 with as-o) = a. A particular
choice of this MP decision rule is

0" (z,u; ) = I{A(z) > e(a) }+

HA(z) = c(a);u < y(a)} (3)
where, with x.(x) = I{A(x) > ¢} and x.—(z) =
H{A(z) = c},
inffe > 0: (x 1) < o
@ = (Xe(a), 1)

<Xc((x)—a ]-> - <Xc(a)7 ]->

cla) =

V() =

Proof. For the §* in the statement of the theorem,
and for any other § with (0,1) < «, (6* — §)(A —
¢(a)) > 0. Therefore, (6* —d, A —c(a)) > 0. Expand-
ing and re-arranging terms, we obtain that (§*, A) —
(6, A) > c(a)({d*,1) — (4,1)), and since c¢(«) > 0 and
(6%,1) = av and (9, 1) < @, then the right-hand side is
at least equal to 0. Thus, w5« = (6*,A) > (5, A) = 7.
The particular form in (3) clearly satisfies the size
condition as« = (6*,1) = .

Most often we are able to simplify this MP de-
cision function when we could express the likelihood
function via A(z) = f1(z)/fo(x) = Q[S(x)] for some
statistic S(-) taking values in a measurable space
(6,0(6)) and some measurable mapping @ from
(6,0(6)) into (Ry,B,), where B, is the Borel
sigma-field of subsets of R;. Theset {z € X : A(z) >
c}is equal to {z € X : S(z) € Q7 (c,00)}. If Q(-)

is nondecreasing in S(-), then {z € X : A(z) > ¢} =
{z € X: S(x) > d} for some d. Obtaining d(«) and
v(a)) then becomes simpler since they are obtained
under the Hy : f = fy distribution of S(X), which
might be easier to obtain compared to the distribu-
tion of A(X). The power of the level-ao MP decision
rule 0*(«) in (3) is given by

7T5*(a) = <(5*(Oé),A>
<Xc(a)a A> + 'Y(O‘)<Xc(a)— — Xe(a)s A>'

pla) =

4 NP Decision Process and

ROC Function

From the MP decision function given in (3), we could
form a stochastic process, which will be called an NP
decision process, given by

A={0"(a)=6(,3a):ac|0,1]}. (4)
This process has right-continuous non-decreasing
sample paths with state space {0, 1}. Associated with
this decision process is the receiver operating charac-
teristic (ROC) function given by

p=1{p(a): a € [0,1]}. (5)

Note that there are papers dealing with the use of the
ROC function in the context of hypothesis testing;
see, for instance, [41, 42]. We present properties of
the ROC function in the following proposition. Some
of these results will be needed in establishing Theo-
rem 8.1, a result pertaining to sequential learning.

Proposition 4.1. Assume that v{z € X : fo(z) #
fi(x)} > 0 and consider the ROC function a — p(«)

associated with the NP decision process A = {6*(«) :
a € (0,1)}. Then

(a) Va € (0,1) : p(a) > «;

(b) a — p(a) is non-decreasing, concave, contin-
wous, and is piecewise differentiable with o —
p'(e) = +p(a) non-increasing, almost every-
where (wrt Lebesque measure);

(c) limy 0 p(a) =0 and lim,—1 p(a) = 1;

(d) p'(0+) =

limaTl 1—%(&0() < 1.

hmoz,],O @

> 1 and p'(1-) =

375
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Proof. Result (a) follows by taking the decision func-
tion é(x; &) = « and using the condition that v{fy #
fi} > 0. For the results in (b), given a; < aa, the col-
lection of decision functions of level ¢ is contained in
the collection of decision functions of level a, hence
the MP decision function in the latter collection will
have power at least equal to the MP decision function
in the former collection. Thus, p(a1) < p(as). Now,
let ag, 2 € (0,1) and denote by 7 and 05 the MP
decision functions of size «; and «as. For a € (0,1),
let & = a1 +(1—a)as and denote by 6* the MP deci-
sion function of size a. Consider the decision function
§ = adi + (1 — a)ds. The size of § is ac; + (1 — a)as
and its power is ap(a1) + (1 — a)p(az). Since 6* is
the MP decision function at size @ = aay + (1 —a)ao,
and 0 is also a decision function of size «, then the
power of §* is at least that of §. Therefore,

placs + (1 - a)as) > aplas) + (1 - a)p(a).

Since ay, ag, and a are arbitrary elements of (0, 1),
then this shows that @ — p(«) is concave. Continu-
ity follows from this concavity. Concavity also im-
plies that the left-hand and right-hand derivatives of
p(a) exist, and since it could have at most a count-
able number of points where left-hand and right-
hand derivatives are not equal, then it is piecewise
differentiable. Second result in (c) follows immedi-
ately from 1 > p(a) > « for all @ € (0,1). Let
A = sup{b € R: Py{A > b} > 0}. Then c(a) — A as
a — 0, hence

lim p(a) =
a—0
lim {Pi{A > c(a)}+

e )

=0
since a > o — Py(A > ¢(a)) > 0 and
Pi(A>cla)) =
[ HA@) > cla), fola) > A fo(o)v(do)
—0
by virtue of @ > Py{A > c(a)} = [I{fo(z) >
0,A(z) > c(a) } fo(x)v(dx) — 0 so that v{z : fo(x) >

0,A(z) > ¢(a)} — 0 and using Dominated Conver-
gence Theorem. For the results in (d), as o | 0,

c(a) — A. If the distribution of A under Py is con-
tinuous, then

p(a) = Pr{A > e(a)}
= /I{A > c(a)}Afo > c(a)/I{A > c(a)}fo

= cla)a,

hence p(a)/a > c(a) — A as a | 0. But since v{fy #
fi} >0and [ fo= [ fi =1, then A > 1; in fact, it is
possible to have A = oo. If Po{A = A} > 0, then for
a < Py{A = A}, c(a) = A, hence Py{A > c(a)} = 0.
For such an «, we then have

Pl{A:A}_ A

pla) zam =«

Therefore, p(a)/a = A for all a < Py{A = A}, hence
pla)/Ja - A > 1asa |0 Let A =€ {beR:
Py{A <b} > 0}. Then, when 11, ¢(a) — A. If the
distribution of A under P, is continuous, then

1 - p(a) = Pi{A < ()}

= [ 1A < c@Af < cl@)P{A < @)

= c(a)(1-a)
hence [1 — p(a)]/[1 —a] < ¢(a) - Aas a T 1. By
same argument as for A; A < 1, and could take the
value 0. If Pp{A = A} > 0, then for « satisfying
1 —a < Py{A = A}, we have ¢(a) = A. Therefore,
for a > 1 — Py{A = A} = Po{A > A}, we have

pla) = PL{A > A}+

a—(1—P{A=A})
Po{A=A}

} P{A=A}

Pl{A:A}] '

- pl{A>A}—(1—a)LDO{A=A}

Thus, for a > Py{A > A}, we have

1—pla) =P {A<A}+

P{A=A} . P{A=A}
S RS VU ey
0 < Pfa<a)= [HA<p)Ag

A

AP(){A < A} =0.
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Therefore, as a T 1, we have

1—pla)  P{A=A}
—a  Rfa=ap 2t
O
5 P-Functionals and their

Properties

For the NP decision process A, we define a (random)
functional via

P(X,U) =inf{a: 6" (X,U;a) = 1}. (6)

This is the so-called P-wvalue statistic, but we would
like to stay away from this misnomer since this quan-
tity is truly a statistic, that is, a random variable
depending only on the sample data, and it is a char-
acteristic of the decision process A. In terms of the P-
functional, the size-ao MP decision function is equiv-
alent to

0" (z,u; ) = TI{P(z,u) < a}.

The usual approach to testing Hy versus H; is to
pre-specify a level of significance (LoS) «g, which has
usually been conventionally set to 0.05, and to use a
test whose size is no more than aq. As such, in order
to gain the most power, the test §*(-, -; ag) is utilized.
We present two important distributional properties of
the P-functional.

Theorem 5.1. Under Hy, P(X,U) has a standard
uniform distribution, hence its density function under
Hy is ho(w) =1 for w € [0,1].

Proof. For w € [0, 1], we have
Po{P(X,U) < w} = Py{0" (X, Usw) = 1)
Ep[6"(X,U;w)] = (6" (w), 1) = w.

O

Theorem 5.2. Under Hy, P(X,U) has distribution
p(+), hence its density function under Hy is hi(w)

o (w).
Proof. For w € [0, 1], we have
P{P(X,U) < w} = P {6*(X,U;w) = 1}
E[6*(X,U;w))
Eo[0"(X, Us w)A(X)]
(0% (w), A)
p(w).

O

Note therefore that if one could only observe the
P-functional P(X,U), the MP decision function of
Hj versus Hy of size aq is, by the Neyman-Pearson
Lemma, §(P(z,u);aq) I{P(z,u) < ag} since
w — p/(w) is a non-increasing function. This co-
incides with the MP decision function based on .
Note further that the existence of the P-functional
has nothing to do with any pre-specified LoS. The P-
functional exists whenever there is a decision process
A. The P-functional and the pre-specified LoS only
come together when a decision about Hy and H; is
to be made. One may think of the P-functional as a
decision process-induced transformation of the origi-
nal data (X,U) into a random variable (a statistic)
P(X,U) that is uniformly distributed under Hy and
whose distribution under H; is stochastically smaller
than a standard uniform distribution, since p(w) > w
for every w € (0,1) with p(0) = 0 and p(1) = 1. As
such there is really nothing mysterious about the P-
functionals (albeit, P-values) — contrary to the neg-
ative attention and notoriety it has garnered in re-
cent years — though perhaps it is in the way they
are used in null hypothesis significance testing that
mainly causes the controversies! See the articles on
P-values [9, 19, 46, 44, 20] and the other references
cited earlier.

That the P-functional is a statistic was empha-
sized in Kuffner and Walker [21], which also demon-
strated that the P-value statistic is in a one-to-one
and onto (a bijection) relationship with the sufficient
statistic in the case when the sufficient statistic is one-
dimensional. This bijection property between the P-
functional and the sufficient statistic need not hold,
however, if the sufficient statistic has dimension at
least 2. For example, if Hy : p = po,0? > 0 and
Hy : p # po,0? > 0 and the data set to test Hy
versus Hp is X1,Xo,..., X, ~ N(u,0?), the suffi-
cient statistic is T = (31—, X;, > iy X7?), which is
two-dimensional and which could not be recovered if
given only the P-value statistic based on the t-test
statistic T = (X — uo)/(S/y/n) of Hy and Hy. Note
that in this case, the t-test statistic is not sufficient for
(u,0?). We note, though, that the bijection property
between the P-functional and the sufficient statistic
may still hold in higher-dimensions if we instead con-
sider the invariantly sufficient test statistic. For ex-
ample, the t-test statistic is invariantly sufficient un-
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der the location-scale group of transformations.

6 Issue of Replicability

In the US National Academies of Sciences, Engineer-
ing, and Medicine report on reproducibility and repli-
cability in science [27], a distinction is made between
the notions of reproducibility and replicability. Ac-
cording to this report, reproducibility means being
able to obtain consistent computational results using
the same input data, computational steps, methods,
code, and conditions of analysis; whereas, replicability
means being able to obtain consistent results across
studies aimed at answering the same scientific ques-
tion, each of which has obtained its own data. The
notion of replicability is arguably the more important
one in the context of the integrity and viability of sci-
entific results. The recent book [32] touches on these
issues of replicability and reproducibility in light of
recent news regarding fraudulent actions of some re-
searchers. Let us examine the notion of replicability
in the context of using the MP decision function and
the P-functional in deciding between Hy and Hi.

Consider a scientist performing a study to decide
between Hp and H;. Following existing decision-
making procedures, he specifies an LoS to use, and
assume he chooses the traditional value of oy = 0.05.
Let (x1,u1) be his observed data, and let

dy = 0(w1,ur;01) and  py = P(w1,u1)

be the observed decision and the observed P-
functional, respectively. Suppose it turns out that
d; = 1. Then the scientist will conclude that H; is
true, instead of Hy, at LoS a; = .05. What does this
really mean? If Hy is in reality true, using the de-
cision function 0(+,-; «q), there is a 0.05 chance that
Hy will be declared false; so the observed di = 1 is
one of these false discovery realizations. On the other
hand, if H; is in reality true, there is a probability of
p(aq) of concluding that this is indeed the case, and
the realized decision d; = 1 is one of these correct
decisions. But this observed decision of d; = 1 does
not preclude either of the two possibilities of Hy or
H,. If a second scientist performs a study with LoS of
as = .05 to decide between Hy and Hy, this scientist
may get a decision d = 0, which will be contradicting
the first scientist’s decision, and we might then say
that the first scientist’s result is not replicable. But

if Hy is the true hypothesis, then the result of the
second scientist was highly likely (probability of 0.95
prior to performing the study); while if H; is true,
this false negative result by the second scientist was
also plausible if the power p(cz) is not high, with this
power determined by the ‘effect size’ or the ‘distance’
between fy and fi. As such the issue of replicability
is a difficult question to resolve when considering the
results of two scientists.

Let us examine this further when there are many
replications. Suppose that there are M = 100 sci-
entists, labeled m = 1,2,..., M, who will perform
their own independent studies, each using an LoS
of a,, = .05, to decide between Hy and Hy, with
the mth scientist using the MP decision function
0F () = 85 (T, Um; Qi) Whose power is pp, (Qm ).
If Hy is true, about 5 of these scientists will obtain
values of d,,, = 1 for their 0}, (z, um; ao); while, if
H, is true, depending on their p,, (., )s, there will
tend to be more than 5 of them with d,, = 1. Under
both cases, the occurrences of d,, = 1 will appear in
a random order for these M scientists. With many
independent replications, we will better see which of
Hy or H; is more plausible. But, any other scientist,
or even the same scientist, performing another study
to decide between Hy and H; may come up with a
decision which disagrees with the totality of results
of the M scientists. As such, when focusing on the
results of individual scientists the replicability issue
will always arise under both Hy or Hj.

The same thing happens with the P-functional.
Under Hy, P(X,U) has a uniform distribution over
[0,1], so that any value between [0, 1] is not surpris-
ing under Hy. Under Hy, the distribution of P(X,U)
will be right-skewed, so smaller values will be more
likely. But, with one realization of P(X,U) that is
smaller than o = 0.05, it again does not preclude
either Hy or Hy;. With 100 scientists performing in-
dependent studies and observing their P-functionals,
if Hy is true, then their observed P’s will tend to
be uniform over [0, 1]; while if H; is true, then their
observed P’s will tend to have a histogram that is
right-skewed. We also reiterate, that if the observed
P(z,u) = p is less than o =0.05, it is faulty to state
that Hj is rejected at LoS of p, since this is basically
choosing the LoS based on the observed data. But,
it is fine to conclude that Hj is rejected at LoS of
a = 0.05, provided that this LoS value was chosen
prior to observing the data (z,u). The point is that
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the observed data should not determine the LoS that
is used to make the decision.

Appropriately, the NAS Report [27] points out
the difficulty in assessing the notion of replicable re-
sults (see the earlier paper [25] and accompanying
comments regarding statistical significance and the
dichotomization of evidence). It states as follows:

Because of the complicated relationship
between replicability and its variety of
sources, the validity of scientific results
should be considered in the context of an
entire body of evidence, rather than an
individual study or an individual replica-
tion. Moreover, replication may be a mat-
ter of degree, rather than a binary result
of “success” or “failure.”

To concretely demonstrate these issues concern-
ing replicability, consider the two-sample problem of
testing hypotheses about the difference of two popu-
lation means, with the pair of hypotheses

Hy:pr—po=0 wversus Hi:ps —po==k

where £ > 0. For the mth scientist, with m €
{1,2,..., M = 100}, we suppose that his sample data
are realizations of

Xm = (XmlaXmZa ce 7anm) ~ N(/Lo,JQ);
Ym = (leuym27 ce. 7Ymnm) ~ N(M1702)7

with X,,, independent of Y;,,. Here 02 > 0 is assumed
unknown. Let the sample sizes be determined ac-
cording to n,, ~ POI(A) 4+ 5. The possibly differing
sample sizes among these M scientists is meant to
model the realistic situation where they have differ-
ent experimental resources available to each of them,
so some will have larger sample sizes, hence will have
higher powers for their decision functions. It is with-
out doubt that there will be investigators which will
have more resources, possibly due to more research
funding, while others will have meager resources but
would still want to contribute to the resolution of a
scientific question even with their limited resources.
Observe that since the distributions of the n,,s do
not depend on (ug,u1,0%), then the n,,s are an-
cillary statistics, hence by the Ancillarity Principle,
we could condition on the n,,s when making infer-
ences about (o, u1,02). For the mth scientist the
summary statistics from the two samples will be the
sample means X,, and Y,, and the sample variances

S2  and S2,. The a-size test procedure to be used
by the mth scientist is &%, (X, Yim; @) = I{Tme >
t2(nm71);a} where

S e o
mc S, /72/71771’
SQ _ S’anX + S72nY .
m 2 b
tonpn—1ya = T '(1—a;2(nm —1)),

where T (-; k) is Student’s central t-distribution with
k degrees-of-freedom. The P-functionals, which do
not require randomizers because of continuity, are
given by
P (X, Yin)
= inf{la € (0,1): 60 (Xm, Yim; ) = 1}
1 —T(The; 2(ng, — 1)).

The ROC function of A,, = {6, (Xm, Ym; @)
[0,1]}, is given by, for a € [0,1],

OS]
(7)

D 0\/2/nm> ’

where T (+; k,w) is a k degrees-of-freedom non-central
t-distribution with non-centrality parameter w. The
derivative of this ROC function, which is the density
function of P,,,(X,,,Y,,) under Hy, is given by

Pm(OG K, 0, nm) =

1-T (tZ(nml);a; 2(nm -

p;n (aa K’a 07 n’m) = (8)
/ . — a
T <t2(nm—1);0“ 2(nm — 1), a\/Q/TW>
T (tatnp—1)s0i 20m = 1))

with 77(+;-,-) is the associated density function for
Student’s t-distribution. These functions are eas-
ily evaluated using the R [33] objects pt, dt, and
qt. Figure 1 plots the ROC curve and the pdfs
of Pp(Xm,Y) under Hy and Hy for the case with
Ny =5, Kk =5, 0 =5, and a = .05. Observe that
the ROC curve is above the 45-degree line, while the
PDF of P(X,Y) under H; is right-skewed. The be-
haviors of the ROC function p(-) and p'(-) agree with
those stated in Proposition 4.1, though it should be
pointed out that this two-sample t-test is not the uni-
formly most powerful test (UMP) of Hy versus Hy,
but it is the UMP unbiased (UMPU) decision func-
tion [22, 36].
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Figure 1: The ROC function and PDF's under Hy and H; of P,,, (X, Y,) for the two-sample testing problem

with n,, =5, up =0, 1 =5, 0 =5, and a = .05.

ROC Function

T T
0.0 0.2

The plots in Figure 2 represent the simulated re-
sults for the 100 scientists under Hy, while those in
Figure 3 are those under H;. An LoS of oy = 0.05,
together with g =0, 1 = 2,0 Kk =2, and ¢ = 5,
were utilized by each of these 100 scientists, though
they could have also used varied LoSs. In each of
these plot panels, the first represents the sequence of
sample sizes n,;,s; the second is the sequence of de-
cisions d,,s, together with the sequence of p,,s; the
third is the histogram of the p,,s; and the fourth is
the sequence of updated probabilities of Hgy, which

One could argue that since we are examining the
results of 100 scientists, that we ought to have ad-
justed for the multiple testing. However, we wanted
to mimic the realistic situation where each scientist
performs their own study with or without knowledge
of other scientists studies, hence chooses their own
LoS, which will usually be 0.05 in the existing statis-
tical decision-making paradigm.

7 Knowledge Updating and

Reporting Results

So, how do we address the question of assessing the
replicability of results? As the NAS report [27] al-
ludes to, this should be done ‘in the context of an
entire body of evidence, rather than an individual
study or an individual replication’. In a sense, each
scientist’s result should be utilized to update the cur-
rent knowledge that we possess about Hy and Hy. As

PDF under H of P-Valug

T T
0.0 0.2

will be discussed in Section 8. Looking at these plots,
in particular the second panel in each figure, assess-
ing replicability of results, especially with just a few
results, would be a difficult matter. Under Hy, de-
cisions that coincide with not rejecting Hy (d,,, = 0)
would be assessed as replicable, but only if viewed
under many replications; but, under Hy, the correct
decisions of rejecting Hy (d,, = 1) may still be con-
sidered as not replicable since there are many more
replications where Hj is not rejected owing to the
moderate powers of the decision functions used.

mentioned in Section 1, our knowledge of Hy (H;)
could be represented by our subjective probability
that Hy (Hy) is true. As such upon seeing an indi-
vidual scientist’s result, be it the data x, the decision
d, or the observed p, it should be used to update
the current probability that Hy is true. The updated
probability that Hy (Hy) is true will then represent
the new knowledge about Hy (H7).

Denote by kg the prior probability that H is true,
and by k1 = 1 — ko the prior probability that H; is
true. If the observed data x is reported, then by
Bayes Theorem we obtain the posterior probabilities
of Hy and H; via:

o ) ko fo(x)
kofo(z) + k1 fi()
1
= T¥ (m/r)A@) )
ki(x) = 1—ko(x).
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Figure 2: Sequences of the values of the decision function 4}, («) and values of the P,,-functional, under Hy,
for the two-sample problem for 100 scientists. First panel is the sample size used for each sample, the second
panel contains the decisions d,,s and the p,,s, the third panel is the histogram of the p,,s, and the fourth
panel is the sequence of updated probabilities of Hy based on updating on the d,,s and p,,s.
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Figure 3: Sequences of the values of the decision function 4}, («) and values of the P,,-functional, under Hj,
for the two-sample problem for 100 scientists. First panel is the sample size used for each sample, the second
panel contains the decisions d,,s and the p,,s, the third panel is the histogram of the p,,s, and the fourth
panel is the sequence of updated probabilities of Hy based on updating on the d,,s and p,,s.
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7.1 Updating based on decision d

On the other hand, if only ag and d = 6*(z,u; ap)
are reported, then the posterior probabilities are com-
puted via Bayes theorem according to
Ho(da aO) = (10)
Koad(1 — ap)t—
roaf(1 — ag)t=4 + rip(ag)d[l — p(ag)]* 4
1

1+ (k1/ko)AD(d; o, p(ap)) ;

with
Hl(d, 010) =1- Ho(d, 040),

where

(7)) 1—0[0

(11)

is the likelihood ratio based on observing
0*(X,U;p). Observe that this updating will de-
pend on the LoS used and the associated power or
ROC value at the LoS of the decision rule. This up-
dating rule also demonstrates the quantitative type
of information obtained from a decision as a func-
tion of the LoS and power. For suppose that the
decision is d = 1, i.e., reject Hy. Observe that as
ap — 0, ko(l, ) = Ko/ (ko + k1p'(0+)), and since
p'(0+) > 1 by Proposition 4.1, then this limiting
posterior probability is less than kg. That is, a “re-
ject Hp” result with a small LoS provides evidence
that Hy is not true. In the other extreme, when
d=1and ap — 1, ko(1,00) = Ko, indicating that
a “reject Hy” result, but with a large LoS, is not
informative about whether Hj is true or false. More
could be said with respect to the interplay between
the LoS ag and the power p(ag) and the information
contained in the decision d. From the expression of
Ap in (11), observe that if d = 1 and p(ag)/ag is
much larger than 1, then this will contribute to a
big change in the updated posterior probability that
Hj is true (will decrease this probability); whereas,
it 1 < p(ag)/ao = 1, then d = 1 will not alter much
this probability. When «aq is small, then p(ag)/ao
will tend to be large, while when «g is large, then
p(ag)/ap will tend to be close to 1.

The opposite holds true when the decision is
d = 0, that is, “do not reject Hy”. If ag — O,
then ko(0,9) — ko; while when ap — 1, then
k0(0,a0) = Ko/ Ko+ K1p' (1—)], and since p/(1-) < 1

by Proposition 4.1, this limit value exceeds kg. That
is, a “do not reject Hy” decision with small aq is
not informative about Hy; whereas, it is informative
about Hy when g is large. Again, more could be
said from Ap since when d = 0 the relevant factor is
[1—p(ap)]/[1—ap]. When ag is small, then this ratio
is close to 1, so that it will not alter much the prior
probability of Hy in the updating; whereas, if aq is
large and power p(ap) at «g is large, then the ra-
tio becomes small, thus contributing to a big change
from prior to posterior probabilities.

These considerations indicate that it is imperative
to accompany the decision d, if a decision is actually
needed to be made, with the value of Ap(d;ayg) or,
equivalently, by log Ap(d; ap), a deviance associated
with §*(c), which measures the quality of the in-
formation about Hy and H; provided by the realiza-
tion of the decision function. This shows that spe-
cific thresholds on the LoS, such as the 0.05 thresh-
old, are really not needed since whatever LoS o value
a scientist uses, provided it is not data-determined,
will be automatically factored into the summary mea-
sure Ap(d; ag) orlog Ap(d;ag). Note that the power
p(ag) of the decision function at the chosen «p is a
critical component in this summary measure. In a
similar vein that an estimate of the standard error of
an estimator accompanies the estimate arising from
the estimator to serve as a measure of the precision of
the estimate, then log Ap(d; ag) could be viewed as a
measure of the quality of the realized decision, with a
large value of |log Ap(d; ag)| indicating the decision
d is of high quality.

7.2 Updating based on p-value

If one wants to use the value p of the P-functional
to update the current knowledge of Hy and Hy, then
their posterior probabilities are computed via Bayes
theorem using

HO(p) = Ko + mp’(p) (12)
1
14 (k1/ko)P ()’
ki(p) = 1—ro(p). (13)

Let us examine the information provided by differ-
ent values of p. Recall that p’(a) is decreasing in
a under Hy with p/(04+) > 1 and p/(1-) < 0 by
Proposition 4.1, so that there exists an a* such that
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p'(a*) = 1. Thus, for p; < py < a*, we will
have that ko(p1) < ko(p2) < ko, indicating that
smaller observed P-values are more indicative that
the Hp is not true. When a* < p; < ps, then
ko < Ko(p1) < Ko(pz2), so in this case, larger val-
ues of the P-functional are more indicative that Hy
is true. These results mathematically depict the in-
formation contained in the P-functional about Hj
and Hjp, and coincides with our intuition that small
p-values point more towards Hy being true, whereas
large p-values are indicative of Hy being true. How-
ever, note that this conclusion will depend on the a*
satisfying p’(a*) = 1, and such an «o* will be depen-
dent on the ROC function of the decision process,
which in turn will depend on the effect size associ-
ated with the Hy and H; and usually on the sample
size used in the study.

Based on these considerations, just reporting the
value p of the P-functional, which is the modus
operandi when used in Fisher’s NHST approach and
in many statistical hypothesis-testing procedures, ap-
parently is not a good approach and could in fact mis-
lead, since users could make conclusions about the
strength of evidence for or against Hy simply based
on the magnitude of p, e.g., when p = 0.0001 that H,
is highly implausible. This fallacy is demonstrated by
considering two simple alternative hypotheses, which
are in the same direction. For the same observed
data (z,u), the P-functional value will not change un-
der both alternative hypotheses since it is computed
only under Hy. But, clearly, the information content
about Hy in the realized P-functional differs under
the two alternative hypotheses. More ominously, one
would then think that a small p will indicate more
support for the more extreme alternative hypothe-
sis, but this turns out to be not the case in general.
Thus, there is something missing when we only report
the realized value p, as is done in NHST and in many
statistical hypothesis testing situations.

So, what might be a better approach? We propose
to report as summary measure p'(p) or log p'(p), with
a small [large] value indicating more [less] support to-
wards Hy. We point out that this is different from
Greenland’s [12] proposal of reporting the S-value,
the negative of the logarithm of the p-value itself,
which will still not reflect anything about the alterna-
tive hypothesis. An advocate of the NHST approach
might argue that this cannot be implemented since
there is no alternative hypothesis under the NHST

approach since it only asks if the data is consistent
with the null model. But, without an alternative
model the question of when an observation is incon-
sistent with the null model becomes problematic. For
instance, suppose that the null model is that X has a
standard uniform distribution. One might conclude
that an outcome z in [0,.05] is an extreme realization
under the model, but what about an outcome of x in
[.475,.525]7 Both events have the same probability
of .05 under the null model! The Neyman-Pearson
framework, which could be viewed as an alteration
of the NHST framework, improves on the NHST ap-
proach since it insists on taking into account an al-
ternative model, thereby eliminating the indetermi-
nacy of what will be considered as more extreme data
realizations under the null model in light of the al-
ternative model. In addition, we point out that it
is possible, for example, to have p = .0001 — which
would ordinarily be interpreted as strongly support-
ing Hy — but at the same time to have p’(.0001) << 1,
which is indicative of more support for Hy. The sum-
mary measure p'(p), or equivalently log p’(p), is the
P-based likelihood ratio, so it accounts for the dis-
tributions of P under both Hy and Hi; whereas, the
current practice of reporting p in isolation, provides
a rudderless summary measure since it does not have
the proper context to assess its informativeness to-
wards Hy or Hy. Any value of p with p/'(p) = 1,
or, equivalently log p'(p) = 0, is totally uninforma-
tive about Hy and Hi, and such a p could possibly
be close to zero, close to one, or somewhere in the
middle portion of [0, 1]. Now, if one wants to make a
decision between Hy and H; using the value p, then
he must specify an LoS «g, determined independently
of the observed data, and decide d = 0[1] if p > [<]a,
but he must then accompany this with Ap(d;ag) or
log Ap(d; ) as indicated earlier regarding the re-
porting of the result of a decision function. It is also
worth noting that the value of p’(p) plays a major role
in the optimal choice of LoSs to use in a generalized
Benjamini-Hochberg [2] false discovery rate (FDR)
controlling procedure to optimize the global power
(see Theorem 4.3 in [30]) in a multiple testing set-
ting, thus lending credence that the value of p’'(p) is
the more important quantity instead of just the value
of p itself. We note in passing that many multiple-
testing procedures, including the BH procedure [2],
that corrects for multiplicity are just based on the
values of the P-functional for each of the multiple
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tests, thereby creating a possible opening for improv-
ing such procedures by considering instead the values
of p/(p) for each of the multiple tests; see also [31].

7.3 Implementation

In order to implement the updating rules based on
observing §(z,u;ap) = d and P(z,u) = p, the quan-
tities p(ap) and p’(p) need to be known. In principle,
knowledge of fo and fi, which are needed for the
updating based on observing X = z, is sufficient to
determine p(a) and hence p'(a). Since our main fo-
cus in this paper is the simple Hy versus the simple
H, setting, these functions will be completely known.

However, let us briefly consider a situation with a
composite Hy. Thus, suppose that X has pdf f with
respect to a dominating measure v and which belongs
to a family of pdfs § = {f(z;0) : 6 € © C R} satis-
fying a monotone likelihood ratio (MLR) property in
the one-dimensional statistic S(z) (see, for instance,
[22] for discussions of the MLR property), and of in-
terest is to decide between the simple null hypothesis
Hy : 0 = 0y and the composite alternative hypoth-
esis H; : @ > 60y. There will be a decision process
A ={j(z,u;c) : a € (0,1)} for Hy versus H; of form

Given the realized decision d based on decision func-
tion §(-,-; ) and realized p of the P-functional, we
let

+

o000 = g |20

(1—d)10g[

logpl(pa 907 ol)a

1- p(a;90791):| .

l1—«

lp(61;60,p) =

denote the log-likelihood ratios based on D = d and
P = p, respectively. The dependence of each of
these functions on (6p, ;) will usually be through a
one-dimensional parametric function (6, 61), which
represents the ‘effect size’ or the ‘distance’ be-
tween 0y and 6;. As summary plots to accompany
the decision d or the realized P-functional p, we
could provide plots of (£(6o,61),1p(61,;60,a,d)) or
(&(00,601),1p(01;00,p)) as 6 varies from 6p. Such
plots could provide information about the quality of
the information about Hy : 8 = 6, versus the possible
values under H;. Values of these functions that are
close to zero will not be informative, whereas large
values will indicate support of Hy, while small values
will indicate support for Hy.

We illustrate the above ideas using the two-sample

8z, us ) = I{S(z) > c(a)}+I{S(x) = c(a);u < ,Y(a)},setting utilized in the simulation study in Section 6.

where ¢(a)) and y(«) only depends on the distribu-
tion of S(X) under Hy. For this decision process
there will be an associated ROC function which will
depend on both o and #;, where 6, is the true value
of 0: p(bo,01) = {p(a; 00,01) : @ € (0,1)}, with

p(a; 0,01) = (6(a), A(bo, 01))
where

A(6o,01) = A(z;00,61)
= [fl@:601)/f(2:00) = g[S(x); b0, 61]
for some g¢(s;60,61) which is non-decreasing in s

whenever 61 > 6y, and with the inner product de-
fined via

1
(91,92) = / /x 91, w)ga (e, u) £ (z; 60)v (da) s

For a given pg, 1, and o, the standardized effect size
is defined as & = (u1 — po)/o. Given an n and a,
together with the value of &, we obtain an expression
for Ip(&;d, o) and also Ip(&;p). We could plot in 3-
dimensional space the mappings (£, a) — Ip(&;d, @)
and (&,p) — lp(&;p), or we could also just create con-
tour plots of these mappings. For aesthetic purposes,
it is better to plot with respect to (£, log(a/(1 — ))
the Ip(&;d, @) and (€, log(p/(1—p)) the Ip(&; p). Fig-
ure 4 provides these contour plots for n = 10 and
n = 20. The contour plots associated with [p (&, o; d)
provide information regarding the quality of infor-
mation about Hy and H; that could be obtained
from observing either a decision of d = 0 (do not
reject Hy) or d = 1 (reject Hp) for pairs of values
of (§,log(a/(1 — «)); whereas, the contour plot asso-
ciated with [p(&,p) provides information about the
quality of information regarding Hy and H; that one
obtains for (§,log(p/(1—p)). Just for reference, note
that log(.05/(1 — .05)) = —2.9444.
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Figure 4: Contour plots of Ip(¢;d, ) and Ip(&;p) with respect to the effect size £ and log(a/(1 — «)) or
log(p/(1 — p)) for n = 10 (first column) and n = 20 (second column) in the two-sample problem.
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7.4 Illustration

Next, to illustrate what could transpire in practice,
we generated two data sets each under the null hy-
pothesis model (Hy : po = 0,41 = 0) and under
the specific alternative hypothesis model (H; : po =
O,pu1 = 5) with ¢ = 5 with n = 10 and n = 20.
Based on the generated two-sample data sets, we de-

In Figure 5, both sample realizations with n = 10,
which were generated under the null model, led to
d =0 at a« = .05 and the realized P were .6153 and
.4048. Looking at the plots of £ — Ip(§;d,a) and
& Ip(&;p), these all point to support for Hy, with
the strength of support increasing as £ increases. Also
in Figure 5 where the y-sample was generated from
a normal with mean 5 still with n = 10, so under
Hy, the two sample realizations still yielded d = 0 at
« = .05, which are both Type II errors. The plots of
& Ip(&d = 0,a) were below zero, indicating sup-
port for Hy. Note by the way that the dependence
on the observed data of Ip(§;d,«) is only through
the value of d, so since d = 0 for the four sample
realizations in Figures 5, the plots of £ — Ip(&;d, @)
were all identical. The realized P were .1513 and
1792, with corresponding plots of £ — [p(&;p) being
above zero for a small range of values of &, lending
very mild support for Hy, but this support for H;
disappears and reverses to support for Hy when £ is
increased. The intuition here is that when ¢ is large,
it is expected that the values of P should be much
smaller than the values observed, but since they were
not, then Hy became more plausible than H; for the
observed p. As such the information contained in
the realization of P is dependent on the alternative
value under consideration and the direction of sup-
port it provides, whether towards Hy or Hi, could
even change with the same data. Figure 6, with data
generated under the null model with n = 20, led to
d = 0 for both sample realizations, though for the sec-
ond realization, p = .07, which converted to a mild
support for H; when the effect size is small, and sup-
port for Hy when the effect size is large. In Figure
6, with data generated under the specific alternative
model with n = 20, both sample realizations led to
d = 1, which are correct decisions; while the real-
ized P were about ~ 0 and .04. When p ~ 0, note
that the plot of p — [p(&;p) is increasing over the

termined the realized decision, d, under an LoS of
a = .05, and the value of p. We provide the compar-
ative boxplots of the two samples, together with the
plot of £ — Ip(&;d,a) and € — 1p(&;p) for different
values of £&. The realized d and p are indicated at the
top of the second and third plot panels in Figures 5
and 6.

range plotted, while when p = .04, it increases first,
then starts to decrease and goes below zero, lending
support for Hy. In these plots, we observe that the
plot of p — Ip(&;p) either decreases immediately, or
it increases first then decreases. This is a manifes-
tation of the mathematical result pointed out earlier
that, even when p is quite small, it could still lead to
supporting Hy if the effect size under consideration is
quite large. This appears to be a fatal flaw of P when
its exact value is used to infer about the strength of
support for either Hy or H;. This defect, however,
is circumvented if one utilizes the value of p'(p) or
log(p'(p)) = lp(p) to deduce the strength of support
for Hy or Hy, or if the value p is used in the MP de-
cision function where an LoS « is specified and Hy is
rejected whenever p < «. In the latter case, whatever
decision is made should be accompanied by a plot or
table of values of (§,Ip(&;d, ).

7.5 The Lady Tastes Tea

Next, we present an application to the famous R. A.
Fisher’s lady tea-tasting experiment, which ushered
the era of NHST [8, 23] (see also section 2 of [9] for
some historical accounts). We discuss two versions of
this tea-tasting experiment.

Version 1: There are eight cups on which tea
has been mixed with milk. On each of these cups,
the order in which the milk and the tea were placed
is unknown to a lady — a lady who claims that she is
able to determine, with higher probability than just
guessing, the order in which tea and milk were placed.
Denote by 6 the probability that the lady is able to
correctly determine the order in which the tea and
the milk were placed. The hypothesis testing prob-
lem is to test Hy : @ = .5 versus H;y : 8 > .5, though
from the NHST framework there is just the null hy-
pothesis Hy but no H;. Let S denote the number
of correct identifications by the lady. Then, under
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Figure 5: Sample realizations (two each) from the two-sample model under Hy and H; together with the
plots of the log-likelihood ratio summaries as a function of effect size with sample size of n = 10.

Data Generating Model Under Hy: po =0,u1 =0,n=10,0 =5
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Figure 6: Sample realizations (two each) from the two-sample model under Hy and H; together with the
plots of the log-likelihood ratio summaries as a function of effect size with sample size of n = 20.
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Figure 7: Plots of Ip(61; s) and p(61; s) with respect to 6, for different possible realizations of .S, the number
of correct identifications out of n = 8 trials, in the tea-tasting experiment under the binomial model. For
Ip, an LoS of a = .05 was used. For the Ip plot, the upper curve is for s > 7 with d = 1 (Hp : 0 = .5 was
rejected), while the lower curve is for s < 6 with d = 0 (Hp not rejected).
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an independence assumption, S has a binomial dis-
tribution with parameters n = 8 and 6, that is, the
probability mass function of S is

ps(slf) = P{S=s/0}

(i)esu —0)®%,5=0,1,...,8.

The UMP size-a (randomized) decision function is
0 (s,usa) = I{S > c(a)} + I{S = c(a),u < y(a)}
with

cla) = inf{c: P{S > = .5} < a};

a—P{S > c(a)|d = .5}
P{S =c(a)|0 = .5}

(@) =

Figure 7 provides the plots of Ip(f1;s) and
lp(61; s) for different values of 8; > .5 and for an LoS
of a = .05. The overlaid plots are for different possi-
ble realizations of S, which are s € {0,1,2,...,8}. In
particular, focus on the case s = 6 which corresponds
to the situation where the lady correctly identifies the
order of placement of milk and tea in 6 of the 8 cups.
The observed randomization value was v = .973 and
the realized P was p = .1416. The observed decision
in this case is d = 0, so the Ip-plot is below zero,
though still close to zero even for #; about .7, but it
then decreases rapidly as 6, becomes larger. The as-
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For the decision process A = {§*(-,;a) : a € (0,1)}
the associated ROC function at 8 = 6, is

plai61) = P{S > c@)|f1} +1(c())P{S = c(a)[61}

with derivative given by

oy PAS=c(a)lo =01}
Plasl) = pre = 51"

This is the density function, which is piecewise con-
stant, of the P-functional under 6§ = 6;, with the
P-functional being

P =P(S,U) = P{S* > S} + UP{S* = S}

with S* having a binomial distribution with param-
eters n = 8 and 6 = .5 and is independent of (S,U).

sociated [ p-plot is the third curve from the top, which
is slightly above zero, but dips below zero when 6; ex-
ceeds .9. Observe that even if s = 8, corresponding
to the lady correctly identifying the orderings in all
8 cups, the strength of the support for H; is still not
strong.

Version 2: This is the version described in [8]
(see also [23]). The lady is told that out of the 8
cups, 4 of them had the tea placed first before the
milk, and in the other 4 it is in the reverse order.
The lady is then asked to choose the 4 cups in which
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Figure 8: Plots of [p(61; s) and [p(61; s) with respect to 67 for different possible realizations of T', the number
of correct identifications out of the four cups chosen by the lady in the tea-tasting experiment as described in
[8]. For Ip, an LoS of o = .05 was used. For the Ip plot, the upper curve is for t =4 withd =1 (Hp : 0 = .5
was rejected), while the lower curve is for ¢ < 3 with d = 0 (Hp not rejected). In Fisher’s experiment, the

observed value of T was ¢ = 3.

LogofL Dattheta 1
\

AWN-=0

the tea was placed before the milk. Let T" be the num-
ber out of the four cups chosen by the lady in which
tea preceded milk. Fisher introduced the notion of
the null hypothesis which in this case coincides with
the hypothesis that the lady does not have discrim-
inatory abilities, hence the distribution of 7" under
this hypothesis is hypergeometric with parameters 4,
4, and 4, that is,
(0) (20)

()
(14)
Hj is then rejected when T is large, though even this
rejection criterion tacitly considers the alternative
model that the lady has discriminatory powers. But
one could formulate this problem more formally to

pr(t) = P{T = t|H,} = t=0,1,2,3,4.

The profiles obtained for this version of the exper-
iment are similar to the binomial version as shown in
Figure 8. For the observed value of t = 3 and with
randomization value of u = .815, the decision is not
to reject Hy at LoS of @ = .05 and the realized P
is p = 0.2007. This result could be considered as in-
conclusive since we note that the associated Ip(6;) is
close to zero. The same conclusion arises by looking
at the second curve from the top in the Ip(6;1) plot
which is also close to zero. If the lady had instead
obtained ¢t = 4, which would have coincided with the
correct identifications for all 8 cups, then there would

LogofL_Pattheta 1

accord with the Neyman-Pearson framework. When
0 is the probability that the lady could determine
which came first (tea or milk), then the probability
mass function of T is given, for t = 0,1,2, 3,4, by

pr(t;0) P{T = t|6}
()0 -6

S0 ()01 05

(15)

Observe that when 6 = .5, pr(t;.5) is the hypergeo-
metric distribution given in (14). As in the binomial
model, the UMP decision function of size « is of the
same form with T replacing S and with pr(t;6) re-

placing ps(s;8).

have been a stronger support for H; based on these
profile plots.

8 Sequential Learning

The Bayes updating formulas in (9), (10), and (12)
when given x, d, or p, respectively, can be used to
sequentially update the knowledge about Hy and H;
as results of other studies are sequentially obtained.
The current posterior probabilities will become the
prior probabilities at the beginning of the next study,
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and the result of this new study, whether x, d, or p,
will be used to update these prior probabilities. The
beauty of this approach is that whatever study is per-
formed, so long as it is performed with integrity and
honesty, whether it is a study with large or small sam-
ple sizes, will be able to contribute to the updating of
the knowledge about Hy and Hy. Theorem 8.1 states
that if Hy [H;] is true, and provided that the initial
prior probabilities of Hy and H; are not 0 nor 1, then
the sequence of posterior probabilities for Hy [H;] will
converge almost surely to 1. As such, one could spec-
ify a threshold € > 0, say ¢ = .0001 or determined in
considerations of the cost consequences of decisions,
such that when either posterior probability exceeds
1 — ¢, a final conclusion on the truth or falsity of Hy
and H; is made. This sequential approach to learn-
ing about the truth of Hy and H; is depicted in the
pseudo-code below.

Pseudo-Code for Sequential Updating of
Knowledge of Hy and H;

START;

Specify Threshold, e = 0.0001 (say);
Specify Prior Probability of Hy, ko € (0, 1);
L1:

Decide on Experiment and the Decision Process
A = {6(x,u;a)} to Use;

Specify LoS, a € (0,1);

Perform Experiment to Obtain Data (z,u);

Compute d = §(x,u; o) or p = P(x,u);

Update Probability of Hy into xo(z,u) by either
using (z,u), d, or p according to updating formulas
(9), (10), or (12), respectively;

If ((ko(z,u) <€) or (ko(x,u) >1—¢€)) then

{Declare Hy is TRUE [FALSE] if ko(z,u) >
1 —¢€ [ko(x,u) < ¢; STOP. }
Else {kq < ko(x,u); Back to L1;}

We do so
We will

We will now establish Theorem 8.1.
by establishing some intermediate results.
assume the following set of conditions:

Set of Conditions
Goal is to decide or gain knowledge about

Hy: f = foversus Hy : f = fi.

(i)
(iii)

v({z: fo(z) # fi(z)}) > 0.

For the mth study (m = 1,2,...), X, =
(Xmjsd = 1,2,...,ny), which are IID random
variables from f, are observed.

The observables Xi, Xo,...
pendent of each other.

, Xm,... are inde-

The initial prior probabilities ko and kK1 = 1 — kg
are in (0, 1).

We denote by 67, (-, -; ) the size-a,, MP decision
function and by pm, (o) its associated (power) ROC
function. The ROC function of the decision function
based on only one observation will be denoted by 5(-).
We also denote by

Nm

Ap(2m) = lill m = 11[L1A(xmj)

the likelihood ratio for the mth study, with A(z) =
fi(@)/ fo().

Lemma 8.1. a — pn, (o) satisfies pm(a) > pla) > «
for every o € (0,1).

Proof. The second inequality has already been estab-
lished in Proposition 4.1. The first inequality follows
from the fact that the size-a MP decision function
based on only one observation belongs to the col-
lection of all size-« decision functions based on n,,
observations. As such the power of the MP deci-
sion function in this collection is at least equal to
all other decision functions in this collection, in par-
ticular, the MP decision function based only on one
observation. O

Lemma 8.2. If Ey[|log A(X)|] < oo, then as M —
00, Z%Zl log Ay (X)) — —o0 almost surely under
H,.

Proof. First note that Z%zl log A (X)) =
Z%Zl i log A(Xy5). Under Hy we have, using
Jensen’s Inequality and since Po{fo(X) # f1(X)} >
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0, that

Ep[log A(X)] < log Eo[A(X)]
g Hﬁﬂ folw)v(da)
log(1) = 0.

(16)

Since {logA(Xyj),j = 1,...,nm;m = 1,2,...} are
IID random variables and by the condition that
Ep[log A(X)] < o0, then by Kolmogorov’s Strong
Law of Large Numbers (see Theorem 7.5.1 in [34])
it follows that, as M — oo,

M ng,

>0 log A(Xom))

m m=1 j=1

1
Zirvf:l n

converges almost surely, under Hy, to Ey[log A(X)],
which from (16) is strictly negative. The result
thence follows since n,, > 1 for every m so that

Z%Zlnm—)ooasM—M)o. O
Below we let, for m = 1,2,..., D,, =
85 (X Uns ) and
o, 1-— o
Vin = Dy, log |:f77rLOEz):| +(1_Dm) log |:1p_ma(m)]

Lemma 8.3. Suppose there exists an € > 0 and an
open interval I C [0,1] such that
1 —p(a)ﬂ < e
11—« -

ot (20 + 1o

and for the sequences of LOSs {a,,m =1,2,...} C I
and sample sizes {ny,,m =1,2,...}, we have

sup
acl

3 el o (2alen) Lo )]

Then, under Hy, 2%21 Vin = —00, almost surely as
M — .

Proof. Tt is easy to see that the mapping y — ¢(y) =
alog(y/a) + (1—a) log((1 —y)/(1—a)) for a € (0,1)
and y € (a, 1) is decreasing in y. Consequently, using
this result, Lemma 8.1, and the first condition of the

Lemma,
M = EO(Vm)
Qi
1- m m
(l—am)10g< pm(a )>
1- m

IN

By the second condition of the Lemma, we have
S Varg [Vi,/m] < oco. Therefore, by Corollary
7.4.1 in [34], we conclude that, under Hy,

1 M
7Z(Vm_,um)_>0
Mm:l

almost surely. Thus, as M — oo, since Z%:l M —
—o0, then 3" O

m—1 Vm — —oo almost surely.

We remark that the conditions in the lemma im-
pose some constraints on the sample size and the LoS
sequences. These conditions will hold, for instance,

. if the sample sizes n,,s are bounded and «,,s are

bounded away from 0 and 1, which in practice are
realistic conditions.

Lemma 8.4. Let P, be the P-functional for the mth
study. If

> o [ os sl (uPdu < o
m=1 m 0

and, for some € > 0, limsup,, fol log pl, (u)du < —e
then, under Hy, almost surely,

M
Z Ing;n(Pm) — —00.
m=1

Proof. The first condition guarantees the finiteness of
the mean and variance of log p!, (P, ), and by Jensen’s
Inequality we have

Epllog P;n(Pm)] log Eop:n (Pm)
1
log / P (W) du
0

log(1) = 0.

393

Volume No. 19 | Issue No. 02 | 2026

SciEnggJ



The second condition guarantees that

M
Z Eq[log p}, (Pm)] — =00

m=1

as M — oo. Since the first condition also implies
that

= log o’ (P,
Z Varg [ngm( )} < 00,
m
m=1
then, by Corollary 7.4.1 in [34], we have, as M — oo,

— Eq[log p, (Pn)))

i —0

M
Z (log p;,,(Pr)
m=1

almost surely under Hy. Thus, as M —
0o, since Z%ZlEo[logp;n(Pm)] —  —oo, then
an\le logpl,,(Py) — —oo almost surely under
Hy. O

Theorem 8.1. Under the conditions stated, together
with the conditions in the lemmas, the sequence of
posterior probabilities of Hy, given either X,,, Dn,
or P, on the mth study, converges almost surely, un-
der Hy, to one.

Proof. After the mth study, the posterior probability
of Hy is given by

Kom = |1+ :—; X exp ZI{Jj = 1}log Aj(X;)+
j=1

—1
m

ST = 21V + S I, = 3Hog g (P)
j=1 j=1
where J,, equals 1 if X, is reported, 2 if D,, is re-
ported, and 3 if P, is reported in the mth study. Let
{Jm,m = 1,2,...} be the specific sequence that is
observed. Define subsequences {Jy(nl),m =1,2,...},
(72 m =1,2,...}, and {J¥,m = 1,2,...} with

@D = min{k > JY ¢ J, = j} for j = 1,2,3.
At least one of these subsequences will be an infi-
nite subsequence (note that it is possible all three
subsequences are infinite subsequences). By Lem-
mas 8.2, 8.3, and 8.4, outside of a FPy-null set,
{Z;nzl logAj(Xj)a m = 1,2,.. '}7 {Z;nzl Vj’ m =
1,2,...}, and {377" log p;(P;)} all diverges to —oo,
hence any infinite subsequence from each of these

sequences will also diverge to —oo. Since at least
one of {Jf?{),m = 1,2,...} is an infinite subse-
quence, then outside of a Py-null set, {ZTzl {J; =
1hlog Aj(X;) + 3200, I{J; = 2}V, + 30 I{J; =
3}log pi(Pj),m = 1,2,...} diverges to —oo. There-
fore, Py-almost surely, {kom,m =1,2,...} converges
to 1 since kg € (0,1). O

To demonstrate the phenomenon described in
Theorem 8.1 empirically, we refer back to the fourth
panels of Figures 2 and 3. These panels depict the se-
quence of posterior probabilities for Hy updated from
the sequence of decisions d,,s and also the sequence
of realized P-functionals p,,s. Observe that the plot
of these posterior probabilities with respect to m are
wiggly for small m, but starts stabilizing and converg-
ing to 1 when Hy is true and to 0 when Hj is false.
Through sequential updating, the issue of whether
a specific result is replicable or not becomes a moot
point, since whatever that result, so long as it was ob-
tained with integrity and honesty, it will contribute
to the updating of the knowledge about Hy and Hi,
in essence, it becomes a data point for the search for
truth.

At this point we also mention that a well-known
approach for combining the results of many studies is
that of meta-analysis. A main focus of meta-analysis
is the estimation of the effect size based on the sum-
mary outcomes of these studies. For instance, the
papers [15, 16, 35, 17] deal with this issue of effect
size estimation based on the results of several stud-
ies.

9 Impact of Publication or Re-
porting Bias

Theorem 8.1 points to a coherent and sensible ap-
proach to sequentially acquiring knowledge about Hy
and H; in the sense that if more and more studies
are conducted, then the sequence of posterior prob-
abilities of Hy [H;] will converge to 1 under Hj
[H,]. But, what could potentially derail this ap-
proach? The reality of the publication process of
manuscripts submitted for publication or just on the
reporting of results of studies is the existence of a
bias against results that are ‘not-significant’. See ,
for instance, [18, 17] for discussion of the impact of
publication bias in meta-analysis. This means that
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if a study resulted in a decision d = 0, then there
is a smaller chance that this result will be published
or reported compared to when the decision is d = 1.
Similarly, studies with large observed P-functionals
have smaller chances of getting reported or published.
Such studies whose results do not get published or
reported could therefore not be used in the posterior
probability updating of the knowledge about H, and
H,. What will be the impact of this selection bias —
a bias that leads some researchers to fraudulent be-
haviors (see, for instance, [46, 32])7
Recall that we denoted by

V' = Dlog(p(a) /) + (1 = D) log((1 = p(e))/(1 — )

with D = §*(X,U;«a) the log-likelihood ratio based
on realization of the decision function. When there is
no bias in the publication or reporting process, then,
under Hy, D has a Bernoulli distribution with suc-
cess probability of . We have used this result to
show that, under Hp, by using Jensen’s Inequality,
we have Ey(V) < 0. This is the reason why, under
Hy, the sequence of posterior probabilities converges
almost surely to 1.

But consider a simple model where a publication
bias exists. Thus, upon observing D, which is gov-
erned by the probability Py (more precisely, Py ® \),
there is a second stochastic step which determines
whether the result of the study will be reported or
not. This step will depend only on the observed value
of D. Let I = 1(0) if the result of the study is pub-
lished or reported (not published nor reported). We
suppose that the conditional probability distribution
of I, given D, is given by

QU=1D=1)=n =1-Q(I=0D=1);

QU =1]D=0) =ny=1-Q(I =0|D = 0),
where 0 < 19 < 71 < 1. We denote by Fj the prob-
ability measure that governs (D, I) under Fy. Un-
der this model, we will only be able to observe D
if I = 1. Thus, the observable D*, which equals D

when I = 1, possesses the probability distribution,
under Hy, given by

Py(D*=1) = FB(D=1I=1)
an + (1 — a)no
= 1—-PFP;(D*=0).

Observe that since 19 < 11, we have PJ(D* = 1) > a,
indicating that the desired size of « is not anymore

satisfied if D* is the variable that is observed instead
of D. Denote by

V" = D" log(p(e)/a)+(1=D%)log((1-p(a))/(1-a))

the observable log-likelihood ratio, purportedly based
on D. With Ej(-) denoting expectation with respect
to the probability measure Fj, we have

Eg(V") = Eg{D"log(p(a)/a) +
(1= D")log((1 = p(a))/(1 = a))}
_ o op [Pl —a)
o=k rers)
+log {1 ;_p((j)]
ple)(1 - ) 1- pla)
S i | R ey
= FEo(V).
We already know that Ey(V) < 0, but because of

the above inequality, we could not anymore guar-
antee that E§(V*) < 0, that is, it could be that
Ej(V*) > 0. An extreme case of this situation is
when 7; = 1 and 19 = 0, where studies that do not
lead to rejections of Hy are never getting published
nor reported, while those that lead to rejections of
Hj are always getting published or reported. In this
extreme case we will have

) - a0 2
= log [p(;)] > 0.

Note that this situation is not outside the realm
of possibilities. Imagine, for instance, the situation
where a well-respected research team, headed by a
prominent Nobel-prize winning scientist, have just
published a study which led to the rejection of Hy.
Subsequent studies by other research teams that did
not lead to the rejection of the same Hy may then
never see the light of day — for how could they go
against the established research team? But, it is
possible that the well-respected research team has
committed an error of decision in rejecting Hy, since
there are no certainties in decision-making based on
data. Now, in such cases where Ej(V*) > 0, there is
the possibility that, even under Hy, the sequence of
posterior probabilities of Hy, based on a sequence of
Vi, V55, ..., may converge to 0, instead of 1.
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Let us also examine the case with P-functionals.
We have shown, using Jensen’s Inequality and the
uniformity of P under Hy, that Ey[log p'(P)] < 0. In
the presence of publication or reporting bias against
large P’s, with I indicating once more if the result of
a study is published or reported, suppose that

QU =1|P =p) =yg(p),p € (0,1),

with g(+) not identically equal to 1 almost everywhere
and g(p) is non-increasing in p. Note that g(p) < 1
hence fol g(p)dp < 1. These conditions imply that
smaller values of P lead to higher chances of getting
published or reported. Let us denote by P* the pub-
lished or reported P, and denote by Fj the probabil-
ity measure induced by Py and @ that governs (P, I)
under Hy. Then, the probability density function of
P*, under Hy, is given by

_ ()
o (1)g(w)dw

Since g(+) is non-increasing, then, for every p € (0, 1),
J$ g(w)dw > [7(1)dw = p, with strict inequality for
some p. Thus, under Hy, P* is stochastically smaller
than P. Since p — log p/(p) is non-increasing, then it
follows that

hp-(p) =g(p).p€(0,1).

1
Eflogp'(P*)] = / llog ¢/ ()5 (p)dp

> [ hos 0 (Vdp = Eaflog (P
0

Note tthat this result also follows from the fact that
if Vi, < V3 and if a() is an integrable non-increasing
function, then Ela(Vy)] > Efa(Vz)]. Thus, even if
Eyllog p/(P)] < 0, there is no more guarantee that
E}llog p'(P*)] < 0. In fact, consider an extreme case
where we take g(p) = I{p < c} where ¢ € (0,1) is
such that p’(p) > (<)1 when p < (>)c. Then, in this
case, we will have

Eyllog/(P*)] = / llog /()1 (p)dp

1/0C[10g p'(p)ldp > 0.

C

Thus, in the presence of publication or reporting bias,
we could have that

Egllog p'(P™)] > 0,

so that it is possible that the sequence of poste-
rior probabilities of Hy updated from a sequence of
Py, Py, ... may converge to 0, instead of 1, even un-
der Hy.

We mention that in the context of meta-analysis,
some papers such as [18, 17] adjust for the publica-
tion bias in estimating the effect size based on the
studies in the meta-analysis. It may also be possible
to adjust the calculation of the posterior probabili-
ties of Hy and H; under a given model of publication
bias, though we did not explore this possibility here.

10 Considerations the

Choice of LoS

on

If possible, it would be preferable to adhere to the
principle that a mathematical theory of statistical
decision-making or of updating knowledge about Hy
and H; should not rely on arbitrary constants which
cannot be justified within the theory — for if it does
the theory becomes mathematically ‘impure’. The
rationale behind the conventional choice of o = 0.05,
or some other small value such as 0.01 or 0.10, for the
LoS in existing statistical decision-making procedures
is in order to put an upper bound to the probability
of committing a Type I error, which occurs when Hy
is rejected when it is in fact true, considered to be
a more serious type of error than a Type II error,
which is accepting Hy when in fact it is false. How-
ever, this arbitrary choice of @ = 0.05 is difficult to
justify within the theory and it could be viewed as a
stain in existing statistical decision-making methods
and perhaps could be their Waterloo. This choice
has been the source of controversies and criticisms
of existing hypothesis testing methods (see [9, 10]).
Criticizing the use of such a threshold, Professor John
Toannidis [19] wrote:

the high rate of nonreplication (lack
of confirmation) of research discoveries is
a consequence of the convenient, yet ill-
founded strategy of claiming conclusive
research findings solely on the basis of a
single study assessed by formal statisti-
cal significance, typically for a p-value less
than 0.05.

The attacks on P-values and the LoS threshold of
« = .05 has in fact continued unabated. There was
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the editorial article by Wasserstein, Schirm and Lazar
[44] with the provocative title: Moving to a World
Beyond “p < 0.05”. See also the many articles in The
American Statistician issue in which [44] appeared,
which deal with P-value controversies, criticisms, and
proposed changes. The paper [39] also discusses rea-
sons why the NHST approach is an unsuitable tool in
scientific research. But, see also the papers of [3, 5]
that provide comparisons, contrasts, and reconcilia-
tions of the NHST, Neyman-Pearson, and Bayesian
approaches to statistical decision-making, as well as
[24] which took a contrary position against the pro-
posal to abandon the use of P-values.

So, how should one choose an LoS value to use?
As pointed out earlier, any decision-maker could
choose any LoS he desires since whatever his choice
is will be properly taken into account in the log-
likelihood ratio based on d. So, the appropriate
question is whether there is a way to choose an LoS
value to optimize the information that the decision-
maker could acquire from his study. We will argue
below that it should depend on the major goal of
the decision-maker and the viewpoint of his decision-
making process.

10.1 Game-Theoretic Approach

If the decision-maker desires to make an immediate
decision between Hy and H; based on his study, such
as in quality-control settings, then he should con-
sider the cost consequences of his possible decisions.
Thus, suppose that Cj; is the cost incurred by decid-
ing for H; when H; is the truth, with Cp; > Cyo and
C1p > C41. The specification of the cost consequences
of decisions should reflect the relative severities of the
possible decisions under the two possible states of re-
ality. For the decision function §*(«), the expected
costs or risks under Hy and H; are, respectively,

Coo(1 —a) + Coia;
Cio(1 = p(a)) + Crip(a).

If the decision-maker supposes that he is making his
decision against an adversary who controls the choice
of which of Hy or Hy will be the truth and whose in-
tent is to maximize his cost, or if he simply wants
to be as conservative as possible, then he should uti-
lize an LoS « which will minimize his maximum risk,
a minimax approach. The appropriate aj; is then

given by

oy = argmin, gy max{Ro(a), Ri(a)}.  (17)

If the curves a — Rp(a) and a — Rp(«) intersect
over « € [0,1], then the value of aps is the o satisfy-
ing Ro(a) = Ri(«). There will be a point of intersec-
tion if C19 > Cyo and Cpy; > C11 (for instance, when
Coo = C11 = 0), and ayy satisfies the equation

Co1 — Coo} {010 - Coo}
——— oy — |=————| =0. (18
Cro—Ci | ™ [ Cro—Cn (18)

On the other hand, if Cy; > Cyy, then ayp; = 1; while
if COO > 010, then apn = 0.

planr) + {

10.2 Bayes Approach

An alternative for the decision-maker is to define a
weighted expected cost or risk, where the risks under
Hy and H; are weighted by the respective prior prob-
abilities of Hy and Hy, resulting in the Bayes risk for
0*(«), given by

BayesRisk(«) = koRo(a) + (1 — ko) R1 ().

The decision-maker could then choose the « mini-
mizing BayesRisk(«), denoted by ap. Here, kg rep-
resents the decision-maker’s prior probability that Hg
is true. The solution is the ap that satisfies

ko  Co1 — Coo
1—koCro—Cn1’

This choice of LoS, denoted by ap, leads to the deci-
sion function 6*(ap) which coincides with the Bayes
decision function, which is the one minimizing the
Bayes risk among all decision functions (see, for in-
stance, [36]). An indirect argument for this result is
that Bayes decision functions are also of the form of
the MP decision functions, hence since we minimized
the Bayes risk among the MP decision functions, the
ap in (19) therefore finds the Bayes decision function.

Jlan) = (19)

10.3 Optimizing Knowledge Accrual

Another alternative for the decision-maker is to fo-
cus instead on optimizing the change that will accrue
about his knowledge of Hy or H; based on the result
of his decision function. It is then sensible to choose
an LoS « such that the expected log-likelihood ratios,
based on D, under Hy and H;, achieve their maxi-
mum difference. The expected log-likelihood ratio
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based on D, under Hy and Hy, are respectively,

EyllogAp] = alog [p(aa)] +
(1 a)tog |12
EillogAp] = p(a)log {p(aa)] +

(1 - pla)) log [11‘_”(5’] .

The difference between these two expected log-
likelihood ratios is

D(a) = FEiflogAp] — Epllog Ap]

[p(a) — o] log [p(j) 11_;(0;)] .

The decision-maker could then choose the o that
maximizes D(«), that is,

ap = argmax,eo 1) D(a). (20)

Note that in this approach for choosing the LoS, no
consideration is given to the cost consequences of the
decision since the main focus is to optimize the gain
in accrued knowledge about Hy and H; from the re-
sult of the decision function.

10.4 Sample Size Determination

An important issue that arises is that of determining
the proper sample size n to use in a given study. The
ROC function p(-) depends on such a sample size,
so that we may write p(a;n) and p'(a;n). In each
of the approaches for determining the LoS to utilize,
the optimal a will then also depend on n, so we may
write this as a*(n). We could then determine the ap-
propriate sample size n* by specifying a lower bound
b > 0 for the logarithm of the odds-ratio. Define the
odds-ratio to be

1—a*(n)
1—pla*(n);n)’

Then the desired sample size is

OR(n) = (C;((nn)) 2

n* n*(b) =min{n > 1:log OR(n) > b}
= min{n>1:0R(n) >e"}.

(21)

This sample size determination approach is in con-
trast to existing procedures where an LoS value is

specified, usually to be o = .05, and a lower thresh-
old for the power is also specified, say 0.95, and then
the desired sample size is determined.

10.5 Concrete Example

We demonstrate the ideas in this section by using
a simple normal model. Let X7, X5,..., X, be IID
N(p,0?) with 02 known, and consider the problem
of deciding between Hy : pu = pg versus Hy : p = g
with g1 > po. Since the sample mean X is suffi-
cient for p, we reduce the problem to just having
X ~ N(u,0%/n). The MP decision function of size a
is

5(X;a) = [{X > o + 071 (1 — a) (0/v/)}

whose associated ROC function is, with £ = (u1 —
o)/ being the standardized effect size,

pla)=1—-® [‘13_1(1 —a) —&V/n].

Its derivative is

(22)

6[271(1—0) £/
1@ 1(1— a)
= exp{evile (1 —a) — £vin/2]} .

We now determine a s, ap, and ap according to the
prescriptions in subsections 10.1, 10.2, and 10.3, re-
spectively.

To determine aj; we need to solve the equation

pla) =

pla) + Ria— Ry =0

with Ry = (001 - Coo)/(clo — 011) and Ry =
(010 — Coo)/(clo — Cll). Letting w = (I)il(]. — Oz),
so that & = 1 — ®(w), the resulting equation to be
solved with respect to w is

<I>(w — 5\/7;) + R1<I>(w) —Ry=0
with Ro = Ri1+1— Ry = (C()l — C11)/(010 - Cll)-

This equation could be solved numerically, e.g., via
Newton-Raphson algorithm, to obtain wjs, from
which we then obtain ayr = 1 — ®(wyy). In the spe-
cial case where Ry = 1 and Ry = 1, which arises
when Cp; = C19 > 0 and Cyp = C11 = 0, we directly
obtain wy; = £4/n/2 leading to

&V

2

Oé]v[_(I)|:

| o ptaw) =0 |57

2
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To determine ap, we need to solve the equation

ko  Co1 — Coo
1—koCro—Cn’

p(a)=Rs =

Using the expression in (23), and solving directly for
ap, we find that

ap i {—&2/% - 5\1/ﬁ log(Rg)} ;
plap) = @ F\Q/ﬁ—g\l/ﬁlog(ﬁ’?)]

In the special case when R3 = 1, such as when kg =
1/2, the least favorable prior, and with Cp; = C19 > 0
and Cyg = C11 = 0, we obtain

_&Vn
2

O[B:(I)|:

| plam =2 [S7].

2

thus coinciding with the special case for ay;.
For ap, we need to find the maximizer of the map-
ping o — H(«a) with

pla) 1—a
a 1-pla)]
Observe that H(«) > 0 for o € (0,1); limgy o H(a) =

0, and lim,41 H(a) = 0 by Proposition 4.1. Differen-
tiating H(«), we obtain

H(a) = [p(a) - o] log [

11—« } N

1 —p()

o) 1]
A —p(@)  a(l—a)
From the special case when solving for ap, we have
p'(a) — 1 = 0 satisfied by o* = &(—£y/n/2), and for
this a* we have p(a*) =1 — a* and a* =1 — p(a*),
so that H'(a*) = 0. Furthermore, since H'(a) goes

p(a)

H'(0) = [o(a)—1]loglog [a

p(e) ol |

Depending on which rationale the decision-maker
uses for his determination of his LoS «a*, he could
then determine an appropriate sample size for his ex-
periment or study according to the formula (21) in
subsection 10.4. We demonstrate this for the case of
ap, which also happens to be the same solutions for
apr and ap in special case where Cp; = Cg = 1 and
ko = .5. Given a lower bound b > 0, from (21), we

from positive values to negative values as « goes from
0 to 1, then in fact a* = ®(—&4/n/2) is the maximizer
of @ — H(«). Therefore, we have shown that

ap=a* = @{_’52‘/5];
oo = #[SF7]

This solution coincides with the solutions for ajs
and ap under the special cases arising from ko =
1/2,001 = Cip > 0, and Coo = Cq11 = 0. Note
that the ap does not depend on kg and the Cj;’s
since its derivation does not take into account the
decision-maker’s cost consequences of his decision and
his prior knowledge about Hy.

To be able to concretely compare the values of
apr, ap, and ap, we obtain them under this nor-
mal one-sample setting and for different combinations
of values of Cy1, Cio, Ko, 1, and & = (1 — po)/o,
the effect size. We set Cyg = C17 = 0. The com-
putation of aj; utilized the Newton-Raphson algo-
rithm. Table 1 summarizes the values obtained un-
der the different scenarios. From this table, observe
that as the effect size increases, the LoS values from
each of the three approaches decrease. Furthermore,
note that when ¢ = .5 and under the case where
Cor = Cig = 1,k9 = .5, the LoS values are much
larger than a = .05. The reason for this is that
with these higher LoS values, more information ac-
crues based on the outcome d of the decision function
compared to when « = .05. In addition, notice the

- drastic change in aj; and ap when the cost conse-

quences are not equal compared to when they were
equal. In essence, the choice of LoS should depend
on the other elements of the decision problem, hence
a fixed threshold of o = .05, for whatever decision
problem at hand, is just untenable and unjustifiable.

seek the smallest integer n satisfying

2z (1 sty
1= 0Eyn2)] = | oEvn/2)

Directly solving this inequality, the desired sample
size n* = n*(b) is the smallest integer at least equal

to )
—1 [ _exp(b/2) 2
4 [‘I’ (1+exp(b/2) )} g

(1 = p0)?

399

Volume No. 19 | Issue No. 02 | 2026

SciEnggJ



Table 1: LoS values ays, ap, and ap associated with the different approaches for determining an optimal
LoS for the one-sample normal model under different combinations of costs Cy1, C1g, Ho prior probability
Ko, sample size n, and effect size £ = (1 — po)/o.

Setting # | Cp1 Cio kKo n & Qg ap ap
1 1 1 0.5 1 0.5 0401294 0.401294 0.401294
2 1 1 0.5 1 1 | 0.308538 0.308538 0.308538
3 1 1 0.5 1 2 | 0.158655 0.158655 0.158655
4 1 1 0.5 5 0.5 0.288075 0.283075 0.283075
5 1 1 05 5 1 |0.131776 0.131776 0.131776
6 1 1 05 5 2 0.012674 0.012674 0.012674
7 1 1 0.25 1 0.5 0.401294 0.974246 0.401294
8 1 1 025 1 1 | 0.308538 0.725284 0.308538
9 1 1 0.25 1 2 | 0.158655 0.326105 0.158655
10 1 1 0.25 5 0.5 | 0.288075 0.664075 0.288075
11 1 1 0.25 5 1 0.131776  0.265422 0.131776
12 1 1 025 5 2 0.012674 0.023273 0.012674
13 10 1 0.5 1 0.5 0.081468 1le-06 0.401294
14 10 1 05 1 1 0.068649 0.002535 0.308538
15 10 1 0.5 1 2 | 0.040108 0.015727 0.158655
16 10 1 0.5 5 0.5 0.065308 0.004416 0.288075
17 10 1 0.5 5 1 0.034035 0.015866 0.131776
18 10 1 0.5 5 2 | 0.003666 0.002971 0.012674
19 10 1 0.25 1 0.5 0.081468 0.003931 0.401294
20 10 1 0.25 1 1 0.068649 0.044193 0.308538
21 10 1 0.25 1 2 0.040108 0.054579 0.158655
22 10 1 0.25 5 0.5 0.065308 0.050932 0.288075
23 10 1 0.25 5 1 0.034035 0.048814 0.131776
24 10 1 0.25 5 2 0.003666 0.006118 0.012674
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For this sample size, determined by specifying the
lower bound b, we find that

1
o) = )
plan(®)) exp(b/2)

T+ exp(b/2)°
When b = 6, this becomes

4(1. 252

= ) = ALOTOD"0?

(1 — po)

For this b = 6 and (b = 6), we obtain ap(b = 6) =
0.0474 and p(ap(b = 6)) = 0.9526. Recall that in
the usual sample size calculation where we specify
the LoS to be a = .05 and with the power to be
1 — 8 = .95, the required sample size is the smallest
integer at least equal to

o @' 1-B)+ e 1 —a)?0® _
(1 — po)?

4(1.645)%02
(11— po)?

Interestingly, if one wants the b that will lead to an
LoS of exactly o = .05, we find that you should take
b = 2log(95/5) = 5.8889, which is a rather mysteri-
ous number (at least compared to the perfect num-
ber! b= 6), lending further mystery to the common,
typical, conventional, and age-old choice, though not
written on stone tablets, of an LoS of o« = .05! For
further discussions on the use of this .05 value, and
the fact that Fisher characterized the routine use of
this .05 threshold as lacking statistical sophistication,
see section 2 of [9)].

11 Summary and Concluding
Remarks

Humankind’s desire to acquire knowledge in the pur-
suit of the truth of whatever phenomenon is at hand,
be it about “eternal and long-lasting truths” accord-
ing to Efron, or of matters more ephemeral and tem-
porally of passing interest, such as the impact on the
global economy of current US President Trump’s tar-
iffs, is deeply ingrained in our DNA. The search for
truth has especially both fascinated and confounded
us all in the past few years, what with Trump’s then

adviser Rudy Giuliani exclaiming on national televi-
sion about “Truth isn’t Truth” or with the prolifera-
tion of fake news for nefarious purposes which are un-
wittingly being facilitated by technological platforms
in the social media arena. In fact, even in books and
fictional novels, the search for truth is of paramount
interest. Indeed, from the best-selling fictional novel
titled The Art of Racing in the Rain by Garth Stein
[38], which has been adapted for film by Walt Dis-
ney Studios Motion Pictures and released in 2019,
we encounter a dialogue involving the main canine
character, Enzo:

“Inside each of us resides the truth,” I be-
gan, “the absolute truth. But sometimes
the truth is hidden in a hall of mirrors.
Sometimes we believe we are viewing the
real thing, when in fact we are viewing a
facsimile, a distortion. As I listen to this
trial, I am reminded of the climactic scene
of a James Bond film, The Man with the
Golden Gun. James Bond escaped his hall
of mirrors by breaking the glass, shatter-
ing the illusions, until only the true villain
stood before him. We, too, must shat-
ter the mirrors. We must look into our-
selves and root out the distortions until
that thing which we know in our hearts is
perfect and true, stands before us. Only
then will justice be served.”

The development of appropriate methods useful in
the search for truth and the acquisition of knowledge
using data is one of the foremost, if not the main,
goal of statisticians. We, statisticians and data sci-
entists, must continue re-examining existing methods
and refine them if there are problems, so that we may
facilitate the ‘breaking of the glass and the shattering
of the illusions’. Controversies have arisen in the use
of existing statistical procedures for decision-making,
especially those that utilize P-values and the setting
of hard thresholds, such as o = .05, for the level of
significance. Thus, there is a need to re-examine these
existing procedures to determine if they could be
improved or altogether replaced by newer methods.
This paper is in this spirit. It re-examined existing
statistical decision-making approaches in the most
fundamental of settings, that of deciding between, or

TA perfect number is such that it is equal to the sum of its proper divisors. The number 6 is the smallest perfect number since

it is the sum of its proper divisors 1, 2, and 3.
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sequentially acquiring knowledge about, two simple
hypotheses. It is expected that the clarity provided
by dealing with this fundamental setting will result in
improving methods for more complicated settings, in
a similar vein that the Neyman-Pearson Fundamen-
tal Lemma [28] enabled the solutions of hypothesis
testing problems in complicated settings.

The Neyman-Pearson MP decision function for
deciding between two simple hypotheses is still the
linchpin of the theory of statistical decision-making.
The classical approach is to specify the LoS «, which
is the maximum allowable probability of a Type I
error. One then looks for that decision function
that maximizes the power under H;, the MP deci-
sion function. It turns out, however, that the more
beneficial approach is to consider the stochastic pro-
cess of MP decision functions indexed by « and to
look at the receiver operating characteristic function
of the decision process, which is the power of the MP
decision function as a function of a. We then clari-
fied the notion of the P-functional, usually called the
P-value statistic, as a functional of the decision pro-
cess. The notion of replicability was then examined
in the context of observing the outcomes of a decision
function and the P-functional. We concur with the
NAS report [27] that replicability should be viewed
in ‘the context of an entire body of evidence, rather
than an individual study or an individual replication.’
This led to the question on how the results of studies
should be reported. We argued that when reporting
the outcome of the decision function, that it is imper-
ative to accompany it with the value of either the like-
lihood ratio or the logarithm of the likelihood ratio
based on observing the decision function. This value
will provide a measure of the strength of support, ei-
ther for Hy or Hy, given the decision. Whatever LoS
value is used will be automatically incorporated into
this summary measure, so that a decision-maker is ac-
tually free to choose whatever LoS value he desires,
so long as it is not decided after seeing the data.

If one wants to report the value p of the P-
functional, this should simply be used to make the
decision, which is to reject Hy if and only if p is no
more than the specified LoS «, which in fact corre-
sponds to the decision made using the level a MP
decision function. The value itself of p could be
misleading in terms of the information it provides
about whether the results of the study supports Hy
or Hy. For instance, it is possible that p = 0.0001,

but this could still be more supportive of Hy than
of Hy. Rather, what should be reported is the value
of the P-functional density under Hy, given by p’(p),
or equivalently log p'(p), which is actually the like-
lihood ratio or the log-likelihood ratio, respectively,
based on observing the P-functional. This quantity
is more informative compared to just the value of
p. Furthermore, log-likelihood ratio profile curves or
contour plots could also be provided, especially when
dealing with composite alternative hypothesis.

Discussion was then presented on updating knowl-
edge of Hy and H; when given the realization x of
the random observable X, the value d of a decision
function 6*(«), or the value p of the P-functional,
via Bayes theorem. It is demonstrated that a coher-
ent way of acquiring knowledge about Hy and H;
is through this process of sequential learning, where
the current states of knowledge of Hy and H; are up-
dated, using Bayes theorem, when results from new
studies are reported. It is established that if there is
no publication or reporting bias, then the sequence of
posterior probabilities will converge to 1 (0) if Hy is
true (false). Through sequential learning, any study
performed with integrity and honesty, whatever its
results, will contribute to the acquisition of knowl-
edge about Hy and H;. This is the ideal situation of
a community of researchers, both cooperatively and
competitively, seeking the truth about a certain phe-
nomenon. However, it was also demonstrated that
in the presence of publication or reporting bias, a
monkey-wrench is thrown into the knowledge updat-
ing that, even under Hy, it is possible to have the
sequence of posterior probabilities of Hy to converge
to 0, instead of 1.

It was argued that a decision-maker is free to
choose any LoS value that he desires since it will au-
tomatically be accounted for by the likelihood ratio
based on the realized decision which should accom-
pany the decision. In essence, decision-makers should
not consider an LoS value of a = .05 as having been
‘carved on stone tablets.” In fact, insisting on ae = .05
which is a value not justifiable within the theory of
statistical decision-making, renders the mathemati-
cal theory ‘impure’, and this has led to controversies
and criticisms. The question therefore arose on how a
decision-maker could optimally choose his LoS. Three
approaches were discussed for determining such an
optimal LoS, each depending on the viewpoint that
the decision-maker is operating on. These approaches
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led to LoS values which are justifiable within the the-
ory, thereby making the theory ‘beautiful’ and free of
arbitrary inputs. With these approaches to deciding
on the LoS, a new procedure for sample size determi-
nation was also developed. The ideas in this paper
were demonstrated using concrete examples pertain-
ing to a two-sample problem, a one-sample problem,
and the famous Fisher’s lady tea-tasting experiment.
It is hoped that the ideas presented and the proposed
changes could improve existing statistical decision-
making methods and hopefully eliminate, or at least
lessen, the criticisms being hurled against these ex-
isting statistical decision-making methods.
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